INTRODUCTION
The superconductors, in which the condensate of Cooper pairs is induced by the electron-phonon interaction (EPh), are modeled with the use of the Fröhlich Hamiltonian [1] , [2] , [3] .
Starting from the Fröhlich operator, using the canonical transformation to eliminate the phonon degrees of freedom, the effective Hamiltonian of the BCS theory can be obtained [2] , [4] , [5] . Then, the equation for the order parameter is derived [6] . It should be noted that due to the used approximations, the present model provides the quantitative description of the superconducting state only in the weak-coupling limit -so in the fairly narrow group of the lowtemperature superconductors [7] , [8] .
The important alternative to the above scheme is the approach taken by Eliashberg [9] . In the case under consideration, the system of equations determining the thermodynamic properties of the superconducting state is obtained directly from the Fröhlich operator. Note that the required calculations are performed using the Green matrix functions. Then, the Dyson formula is obtained at the level of the second order equations of motion [8] , [10] .
The Eliashberg equations can be divided into three groups. The first one allows to determine the function of the order parameter (ϕ k (iω n )), the second one serves to calculate the value of the wave function renormalization factor (Z k (iω n )), the third one determines the energy shift function (χ k (iω n )). The Eliashberg system is supplemented by the equation for the chemical potential. The quantities k, i, and ω n denote respectively: the momentum of the electron, the imaginary unit, and the fermion Matsubara frequency: ω n ≡ (π/β) (2n − 1), where β ≡ (k B T ) −1 (k B is the Boltzmann constant).
It should be noted that in the Eliashberg formalism the order parameter is defined by the formula: ∆ k (iω n ) ≡ ϕ k (iω n ) /Z k (iω n ). The function Z k (iω n ) determines the ratio of the electron effective mass (m e ) to the electron band mass (m e ). The quantity χ k (iω n ) directly renormalizes the electron band energy.
The great advantage of the approach proposed by Eliashberg is the fact that under this scheme, the thermodynamic properties of the superconducting state can be determined for any value of the electron-phonon coupling constant. It should be perfectly clear at this point that the obtained results usually provide the quantitative agreement between the theoretical predictions and the experimental data [7] , [11] , [12] , [13] , [14] .
Let us note that the classical Eliashberg equations reduce to the BCS model, but it is necessary to skip the retardation, strong-coupling, and many-body effects: ∆ k (iω n ) → ∆ k , Z k (iω n ) = 1, and χ k (iω n ) = 0.
In 2012, it was suggested that the superconducting state of the high value of the critical temperature (T C ), inducing in cuprates [15] , [16] , can be modeled with the use of the extended Hamiltonian of the Fröhlich type [17] . The generalized approach was based on the consideration of the additional coupling constant for the electron-electronphonon interaction (EEPh) associated with the on-site Coulomb repulsion [18] .
The analysis of the thermodynamic properties of the high-temperature superconducting state conducted in the paper [17] was based on the derivation of the equation for the order parameter, wherein the canonical transformation was used in order to eliminate the phonon degrees of freedom [2] . Despite further approximations, involving neglecting the retardation, strong-coupling, and many-body effects interesting results were obtained on the quantitative level.
In particular, it was shown that the obtained equation allows, basing on knowledge of the value of the critical temperature and the Nernst temperature (T ), to correctly calculate the energy gap at the temperature of zero Kelvin. It should be noted that the appropriate calculations were carried out for the very large number of the chemical compounds, and each time obtained results were fully consistent with the experimental data.
In the following years, the further results based on the proposed scheme have been published. It is interesting at this point to note the works: [19] , [20] , and [21] , where it has been proven that one can successfully interpret the experimental data obtained with the ARPES method [22] , [23] , [24] , [25] , [26] . Extra care is required for the paper, which analyzed the thermodynamic properties of the superconducting state with the extremely high values of the critical temperature [27] and the work [28] on the relationship between the value of the energy gap and the temperature of the pseudogap (T ).
The idea to use the Hamiltonian that explicitly takes into account the phonon degrees of freedom for the description of the high-temperature superconducting state is not new. The first advanced attempts in this direction for the superconductors La 2−x Sr x CuO 4 , (Y 1−x Pr x )Ba 2 Cu 3 O 7−y , and YBa 2−x La x Cu 3 O 7 were performed by Kim and Tesanovic in 1993 [29] . It has been shown then that the strong Coulomb correlations may not completely suppress the phonon mechanism in the large doping regime and the isotope effect is inversely correlated with T C . The obtained results show that the low value of the isotopic coefficient in cuprates may not necessarily imply the absence of the electron-phonon interactions. Consequently, the role of the phonons in the high-temperature superconductors should not be neglected on the basis of the strong Coulomb correlations alone.
Very interesting results were also obtained by Hirch, Marsiglio, and Teshima. The authors based their analysis on the so-called dynamic Hubbard model (formally very similar to the operator from the paper [17] ), which describes the modulation of the Hubbard on-site repulsion by the boson degree of freedom [30] , [31] , [32] . The most important result that was obtained has proven that the critical temperature increases with the retardation.
Note that ousting the phonon degrees of freedom from the extended Hamiltonian of the Fröhlich type using the canonical transformation always leads to the appearance of the term describing the effective four-fermion electron interaction [17] . Interestingly, formally identical interaction (however, with the different coupling constant) can be also obtained taking under consideration the omitted terms in the classical Fröhlich transformation [33] .
It is worth to emphasize that the ability to complete the BCS theory interaction with the four-fermion interaction was first time noted by Rickayzen [34] , who motivated his idea as analogous to nuclear physics, where the alpha particle represents the stable system of four fermions. In the context of the description of the thermodynamic properties of the superconducting state, Rickayzen's idea was followed after many years in the works: [35] , [36] , and [37] .
With regard to the experimental data confirming the importance of the interactions between the electrons and the lattice vibrations in cuprates, it is necessary to mention the following results: (i) the ARPES method clearly indicates the existence of the low-energy kink in the energy spectrum near the phonon energy [22] , [38] , (ii) additionally, with its help one can observe the isotopic effect associated with the real part of the self-energy [39] , (iii) the isotope effect is also seen for the critical temperature, especially in the highly undoped area [40] , and (iv) the phonons also affect the penetration depth and the result of the Raman measurements [41] , [42] .
It must be clearly emphasized that the interaction between the electrons and the phonons cannot be purely typical. It is proven by too low value of the electron-phonon coupling constant, determined on the basis of the ab initio calculations [43] . Of course, it should be also taken into account that the electrons form the strongly correlated system [44] , [45] , [46] . For example, the analysis carried out in the framework of the Hubbard model suggests that the on-site Coulomb repulsion is equal to ∼ 5 eV, and the value of the electron hopping integral is equal to about 400 meV [47] . We notice that the high value of the on-site Coulomb repulsion causes the situation, in which the Hubbard model for the half-filled electron band can be reduced to the effective Heisenberg model, which correctly describes the dynamics of the spin system in cuprates [44] .
The presented paper extends the mean-field analysis of the superconducting state presented in the following works: [17] , [19] , [20] , [21] , [27] , [28] .
In particular, chapter one gives the formalism that enables the description of the high-temperature superconducting state in the framework of the Eliashberg method. Also, the used form of the Hamiltonian has been justified in the context of the conducted research, paying attention to the way of the introduction of the phonon operators (Appendix A).
The second chapter presents the results obtained for the scalar Green functions determining the diagonal and antidiagonal part of the matrix Green function. The accurate and approximate expressions for the self-energies have been collected in Appendix B and C, respectively.
The chapter three describes the details of the self-consisted procedure and presents the anisotropic Eliashberg equations for the high-temperature superconducting state.
The chapter four discusses the approximations that enable to bring the system of the Eliashberg equations to the single equation for the order parameter. The obtained expression turns out to be the generalized version of the formula basing on the canonical transformation [17] . We also collect the generalized mean-field formulas describing the most important thermodynamic parameters of the superconducting state. Particularly noteworthy is the diagram binding the critical temperature with the Nernst temperature. The chapter is complemented by Appendix D that discusses the content of the mathematical theorem on the upper and lower branch of the order parameter.
The fifth chapter presents the solutions of the Eliashberg equations for the isotropic case. Particular attention should be paid to the dependence of the function ∆ (iω n ), Z (iω n ), and χ (iω n ) on the average number of the electrons (doping) and the temperature. The obtained results also helped to explain the origin of the energy gap in the electron density of states.
The paper ends with the summary.
II. FORMALISM
In the momentum representation, the operator modeling the electron-phonon interaction and the electron-electronphonon interaction has the form [17] , [48] :
where the first term describes the system of the non-interacting electrons and phonons:
The symbol ε k is defined by the expression: ε k ≡ ε k − µ, whereas ε k is the electron band energy; µ denotes the chemical potential. We assume that the electrons can propagate in the square lattice with the hopping integral t. In the considered case, the energy band can be calculated using the formula:
The function ω q determines the values of the phonon energies. The interaction operators are given by the expressions below:
and
where:
(q, l) denote the matrix for the EPh interaction and the tensor for the EEPh interaction, respectively. The papers [17] , [48] have proven their following properties: v
The symbol is the complex coupling.
Note that, with the respect to the high-temperature superconductors, the origin of the interaction terms is discussed in Appendix A.
We define the Nambu spinors:
III. RESULTS FOR THE SCALAR CALCULATIONS
Below are the equations for the scalar Green functions:
where the Green functions without the interaction are defined with the help of the following formulas:
On the basis of the obtained results, it can be noticed that the scalar Dyson equations were achieved only for the Green function of the normal state. The functions describing the properties of the superconducting state meet the truncated Dyson equation due to the existence of the superconducting condensate only in the case of the non-zero pairing interaction.
The self-energies m
k (iω n ) have very complicated form. Their definitions are provided in Appendix B. Then, we have simplified the expressions for m
k (iω n ) (the relevant results are presented in Appendix C). After the relatively simple transformations, it was obtained:
In the next step, the formula (25) should be inserted into (20) :
whereas the above was determined using the relationships between the Pauli matrices, which are summarized in the table I. Comparing with each other the formulas (23) and (27), we get the Eliashberg equations:
+ 4v
The chemical potential should be calculated from the expression:
V.
TOY MODEL
From the mathematical point of view, the Eliashberg set is very complicated and cannot be solved in the exact manner. For this reason, we simplified its form so that one can get preliminary results.
In the first step, it was assumed: Z k (iω n ) = 1. From the physical standpoint this means that the renormalization of the electron band mass by the EPh and EEPh interaction was omitted. Next, the half-filled electron band was adopted ( n = 1). It is noteworthy that both the chemical potential and the energy shift function equal zero, in the present case. The next approximation was based on the assumption that the order parameter is the real function and it is independent of the wave vector and the Matsubara frequency:
The phonon propagator can be simplified according to the formula below:
In addition, it is convenient to introduce the designations:
The simple transformations lead us to the equation for the order parameter:
where the following formula should be used during calculations:
For the electron dispersion relation considered in the present paper, the density of states has the form [50] , [51] , [52] , [53] :
where: b 1 = −0.04687t −1 and b 2 = 21.17796t. Hence:
The expression (36) represents the complicated integral equation that cannot be solved analytically for any temperature. Therefore, the numerical methods were used, whereby the following was taken into account: v = 25 meV
and the selected values of the potential u. Additionally, it was assumed that the half-width of the electron band is equal to 1 eV, which means that the hopping integral equals 250 meV [54] . In the case of the maximum phonon frequency, it was adopted that ω 0 = 75 meV [43] .
The obtained results are plotted in the figure 1. It has been found that for the relatively low value of u (Fig. A) the superconducting state characterizes with the moderate value of the critical temperature (T C = 3.1 K). Nonetheless, the twofold increase of u causes approximately tenfold increase of the critical temperature: T C = 32.1 K (Fig. B) . For u = u C = 3.56 eV 1/2 , the critical temperature increases to 75.7 K (Fig. C) . It should further be noted that the curve describing the dependence of the order parameter on the temperature clearly differs from the curve predicted by the BCS theory. In particular, the attention is drawn to the weak dependence of the order parameter on the temperature in the range from 0 to about 50 K, followed by the sharp decline of ϕ.
For u > u C , the dependence of the order parameter on the temperature totally does not resemble the prediction of the BCS theory (Fig. D) . Very weak influence of the temperature on the order parameter is visible in the range of the temperatures from 0 to T C . Above T C , the values of ϕ (T ) are declining much faster, while for T = 183.5 K, we observe the phase transition of the first order instead of the phase transition of the second order. Note that the change in the nature of the phase transition is induced by the approximations applied in the chapter. Interestingly, the value of the temperature, at which the transition occurs, is well defined and can be properly interpreted physically as will be discussed in detail in the next section.
In addition, we note that for T > T C and u > u C , the equation (36) really has two solutions, the so-called upper and lower branch of the order parameter. Wherein only the upper branch (shown in Fig. D) minimizes the thermodynamic potential which means that this is the physical solution.
The curves presented in the figure 1 well reproduce the results contained in the publication [17] , where the thermodynamic properties of the superconducting state induced by the EPh and EEPh interaction were analyzed with the use of the canonical transformation. In order to quantitatively link both models, the equations by which the order parameter was determined, have to be compared. This issue is discussed in the next section.
A. The toy model equation and the equation obtained with the help of the canonical transformation
The equation for the order parameter derived in the paper [17] has the form (in the original notation):
It has been shown below that the formula (37) represents the simplified form of the equation (36) . For this purpose, the designations have to be introduced: ∆ tot → ϕ, V → v 2 , and U /6 → u 2 . Hence, the equation (37) can be rewritten in the following manner:
Let us notice that |∆| = ϕ v 2 +u 2 |∆| 2 . On this basis, the expression (38) was transformed to the form containing the continued fraction:
On the other hand, the fundamental equation of the toy model (the expression (36)) gives:
Hence:
Using the formula (42), we can easily obtain the connection of the integral I (ϕ) with the continued fraction:
The last step is to insert (43) into (41) obtaining:
Comparing with each other (44) and (40), it can be seen that the equation determining the thermodynamic properties of the superconducting state from the paper [17] can be obtained from the expression (36) , whereas the product vu has to be omitted.
Let us note that the lack of the term vu in the equation (40) results from the way of the conducting the canonical transformation, which eliminates the phonon degrees of freedom. Namely, it was separately applied to the EPh and EEPh interaction.
In addition, note the fact that the exact value of the continued fraction present in the equation (43) is equal to:
The derivation of the formula (45) is simple. It suffices to rewrite the expression (41) in the following form:
The resulting equation must then be solved for I (ϕ). The result is two complex coupled roots and one real root, which determines the value of the continued fraction in question.
The results presented above show that all of the results obtained in the work [17] can be easily reproduced by using the equation (36) . To do this, one only needs to properly rescale the previously accepted values of the potentials v and u due to the existence of the additional pairing potential equal to vu. From the physical standpoint this means that the value of the temperature, wherein there is the phase transition of the first order, should be identified with the value of the Nernst temperature. It should also be very clear that the equation (36) correctly binds together the experimental values of the critical temperature, the Nernst temperature, and the order parameter for T = 0 K.
For the selected values of the temperature, and using the equation (36) , one can derive the formulas, which allow to calculate the interesting thermodynamic parameters with the very good accuracy. This issue will be discussed in the following sections. The formula for the critical temperature was determined by adopting ϕ = 0. In the considered case, it was obtained:
The integral appearing in the expression (46) can be calculated analytically. Hence:
where: a ≡ 2 π e γ 1.13, the parameter γ is the Euler constant (γ 0.577). The equation (47) was solved with respect to k B T C and the following formula was obtained:
When analyzing the formula for the critical temperature, it can be easily noticed that the role of the effective pairing potential is played by the expression v 2 + vu. From the physical side, the obtained result indicates that the high value of the critical temperature does not have to be associated with the high value of the potential modeling the EPh interaction. In the considered model, the high value of T C can also induce the sufficiently high potential u.
The figure 2 presents the course of the critical temperature in the dependence on u for the selected v and three representative values of the maximum phonon frequency. The obtained results prove that the toy model predicts the sufficiently high T C to explain the experimentally observed values of the critical temperature in cuprates.
C. The order parameter for T = 0 K The second fundamental quantity, beyond the critical temperature, describing the thermodynamic properties of the superconducting state, is the order parameter at the temperature of zero Kelvin. In the considered case, the equation (36) can be written in the form below:
where the theorem presented in Appendix D was additionally used. The integral given in equation (49) was calculated analytically: (56) . The circles were obtained using the formula (58) .
while the function Li n (z) denotes the polylogarithm given by the formula: Li n (z) ≡ +∞ k=1 z k /k n and Li 2 (1) = π 2 /6. Then, some simple transformations need to be carried out, and as the result comes the expression for the order parameter at the temperature of zero Kelvin:
The influence of the potential of the EEPh interaction on the value of the order parameter at the temperature of zero Kelvin is presented in the figures 3 (A)-(C). The selected values of the parameter v were adopted and three phonon frequencies were taken into account. The obtained results prove that the high value of the order parameter is mainly due to the high value of the potential u. However, the phonon frequency is also important.
Let us note that ϕ (0) is most conveniently interpreted in relation to the energy associated with the critical temperature. For this purpose the dimensionless ratio is defined:
The figures 3 (D)-(F) show the plot of the parameter R ϕ in the dependence on the potential u for the selected values of v and ω 0 . It has been found that the ratio R ϕ can take values significantly higher than the values predicted by the BCS theory: R ϕ = 3.53 [4] , [5] . This effect is often observed in cuprates [17] .
With respect to the order parameter one should also note the possibility of derivation of the formula near the critical temperature.
For this purpose the equation (36) was written in the form, which is using the continued fraction (Appendix D):
For T → T C , the order parameter is the quantity of the small order, so it can be assumed:
We insert the expression (53) into the equation (52) and we use the equation for T C . As the result, we get:
where, it was additionally adopted: lim n→+∞ f
Then the value of the integral was estimated:
The simple transformations lead us to the final result:
where the symbol ζ (z) denotes the Riemann zeta function:
Taking into account the results obtained above, the question arises whether one can derive the formula for the dependence of the order parameter on the temperature over the whole range of the temperatures from 0 K to T C . It turns out that the answer is negative. However, such the formula was able to be guessed basing on the performed numerical calculations.
In the first step let us note that the dependence of the order parameter on the temperature in the classical BCS theory is well reproduced by [55] :
In the case of high-temperature superconductors, the formula (57) should be generalized to the form:
The figure 4 presents the curves of the order parameter determined numerically in the range of the temperatures from 0 K to T C . It was adopted: v = 25 meV 1/2 , ω 0 = 75 meV, and the selected values of the potential u. In addition, the results obtained using the formulas (56) and (58) are also plotted. It can be easily seen that the analytical expressions reproduce the numerical results in the correct way.
E. The Nernst temperature
The dependence of the order parameter on the temperature for u > u C differs greatly from ϕ (T ) described by the formula (58) . In the considered case, using the equation (36) , it is possible to derive the formula, which allows to calculate the value of the Nernst temperature.
For this purpose, it should be noted that for T = T , the derivative
is undefined. Next, we consider the equation (36) , which was differentiated at both sides due to the temperature:
The temperature derivative of the expression (60) is equal to:
wherein:
. (65) As it was already mentioned, T denotes the value of the temperature, for which the denominator in the formula (65) equals zero. In addition, the integrals I, J A , and J B can be approximated as follows:
The critical temperature can be calculated from (48), while ϕ (0) should be obtained from the simplest version of the formula (51):
Transforming the denominator of the expression (65), the final result can be obtained:
The figure 5 shows the plot of the course of the Nernst temperature in the dependence on the parameter u. It may be noted that the physical values of the Nernst temperature (T > T C ) exist only for the sufficiently large values of the potential u in relation to the value of the potential v. At the same time, not without significance is the maximum phonon frequency, which can decide, whether the Nernst phase exists or not. For example, for ω 0 equal to 25 meV and 50 meV, the Nerst phase has not been observed. It should also be noted that, in the extreme case u/v → +∞, the equation (67) simplifies to the relationship that binds together the parameters T , ϕ (0), and T C without overt presence of the potentials v and u:
F. The general form of the diagram TC -T
The figure 6 presents the form of the diagram T C -T . The values of the critical temperature and the Nernst temperature were determined for: v ∈ 2.5, 25 meV 1/2 , u ∈ 5, 10 eV 1/2 , and ω 0 = 60 meV. In addition, the figure 6 shows the experimental data obtained for the few selected superconductors, for which the results are also summarized in the table II.
Basing on the obtained results, it can be seen that the experimental values of T C and T lie only in the area permitted by the discussed theory. In particular, the attention should be paid to the points corresponding to the lowest values of T C . The presented model also suggests that with the increasing critical temperature, above 150 K, the values of the Nerst temperature increasingly will recede from the values of the critical temperature (the red lined area). It is possible that this interesting behavior of the Nernst temperature was able to be observed experimentally for the superconductors with the extremely high value of T C . In our opinion, as of today, the best candidate would be the compound HgBa 2 Ca 2 Cu 3 O 8+y , which under the pressure at 31 GPa has the critical temperature equal to about 164 K [56] .
VI. ANALYSIS OF THE SUPERCONDUCTING STATE ON THE LEVEL OF THE ELIASHBERG EQUATIONS
The approximations bringing the Eliashberg set to the toy model generate the number of key issues: the first one is related to the inability to determine the explicit dependence of the order parameter on the doping (∆ ( n )). It is true that technically this difficulty can be avoided by introducing the direct dependence of the pairing potentials v and u on n . However, this procedure is quite artificial, and it does not explain the experimental data [57] , [58] , [59] , [60] , [61] , [62] . The second problem stems from the existence of the phase transition of the first order for the case u > u C . Note that this kind of phase transition in cuprates is not observed experimentally. Because of that it must be assumed that the applied approximations are too large. The third problem arises essentially from the second one. Namely, if the phase transition between the superconducting and normal state is of the second order, then how can be explained the existence of the energy gap in the electron density of states above the critical temperature?
It is shown in the present chapter that the raised issues can be solved in the natural way, if the careful analysis is conducted at the level of the Eliashebrg equations.
Due to the numerical complexity, the isotropic equations were taken into account (v 2 → v 2 /2):
The function P (n) is given by the formula:
whereas: ν ≡ βω 0 /2π. The chemical potential should be calculated from the equation: where W is the half-width of the electron band. The simplified sums over the momentums in the equations (69)- (72) were calculated in the paper [52] . In our case the generalized results are in the following form:
The functions R 1 -R 4 are defined by the expressions below:
],
It is also worth noting that the solutions of the Eliashberg equations are symmetrical:
, and ϕ m = ϕ −m+1 . The property above greatly simplifies the numerical calculations, since the equations can be written in the form as follows:
and 
A. Properties of the superconducting state: the imaginary axis formalism
The Eliashberg set was solved for 45 Matsubara frequencies, which was related to taking into account above 90 thousand of terms in the triple sum over the Matsubara frequencies. The high numerical complexity of the considered issue required the use of about 125 GB of RAM memory.
The calculations used the modified numerical methods, originally designed to solve the classical Eliashberg equations with the pure electron-phonon pairing kernel [66] , [67] , [68] , [69] , [70] , [71] , [72] .
The resulting solutions proved to be stable for the temperatures above T 0 = 8.7 K. From the mathematical point of view, the fairly high value of T 0 results from the small number of the Matsubara frequencies taken into account. This is not the significant limitation for our consideration, because the Eliashberg equations formalism was used mainly in order to refine predictions resulting from the toy model near and far above the critical temperature. Let us note that the dependence ϕ (T ), obtained in the framework of the toy model in the range of the low temperatures, did not raise any controversy.
Before analyzing the results, it should be noted that the functions ϕ n and ϕ n take identical values. For this reason, the following discussion is limited to ϕ n .
The results obtained for the superconducting state (T ∈ T 0 , T C ) are collected in the figures 7 (A)-(C). In all cases, it has been adopted v 1 = 150 meV. In addition, the increasing values of the potential v 2 from 0.75 eV to 5 eV were taken into account. The average number of the electrons was chosen in such the way that the order parameter (∆ n ≡ ϕ n /Z n ) would take its maximum value for T = T 0 . It can be noted that the obtained functions have the characteristic lorenzian shape.
The temperature dependence of the Eliashberg equations solutions can be the most conveniently traced by analyzing the form of the function ∆ n=1 (T ), Z n=1 (T ), and χ n=1 (T ). It should be underlined that the quantity of ∆ n=1 in the Eliashberg formalism with the good approximation reproduces the physical value of the order parameter, Z n=1 correctly determines the ratio of the electron effective mass to the electron band mass, and χ n=1 well defines the direct renormalization of the electron band energy.
The obtained results are presented in the figure 8. The typical curves characterizing the phase transition of the second type were obtained each time for the order parameter ( Fig. 8 (A) ). This means that the complete description of the disappearance of the superconducting state requires the precise consideration of the retardation effects (the explicit dependence of the Eliashberg equations solutions on ω n ), the strong-coupling effects (Z), and the many-body effects (χ). For the case when they are omitted (as it was done for the toy model), appears the unobserved phase transition of the first order. On the other hand, the wave function renormalization factors and the energy shift function very weakly depend on the temperature (Figs. 8 (B) and (C) ). It is also necessary to mention the fact that growth of the EEPh interaction leads to the strong renormalization of the electron band mass and the electron band energy, which is caused by the high values of the functions Z n=1 and χ n=1 .
The figures 9 (A)-(C) show plots of the values of the functions ∆ n=1 , Z n=1 , and χ n=1 in the dependence of the average number of the electrons.
The most interesting results were obtained for the order parameter ( Fig. 9 (A) ). The presented model predicts that the dependence of ∆ n=1 on n for the low values of the EEPh potential (v 2 = 0.75 eV) looks very much like the dependence for the classical superconducting state induced by the electron-phonon interaction [66] . The slight difference in the shape of the discussed function occurs only in the vicinity of n = 1, where the characteristic maximum can be observed. The situation drastically changes for the high values of the EEPh potential (v 2 = 5 eV). The order parameter vanishes for n < 1. It also plots the curve whose shape is observed for cuprates [44] . It is worth noting that even the characteristic plateau of the function ∆ n=1 ( n ) is evident for n ∈ 0.8, 0.9 .
In the case of the wave function renormalization factor ( Fig. 9 (B) ), it can be seen that its values increase together with the increasing v 2 . They are not, however, so heavily dependent on the doping as the order parameter. Let us note that the relatively weak dependence of Z n=1 on n is confirmed by the experimental values of the electron effective mass obtained for the superconductors La 2−x Sr x CuO 4 and YBa 2 Cu 3 O y [73] . Very interesting results concerning the superconducting state can be obtained for the doping < n >= 0.95, in case of which the highest value of the critical temperature (T C = 39.4 K) was determined. By studying the dependence of the order parameter on the EEPh potential, it was found that initially increasing v 2 causes the strong increase of ∆ n=1 . Nevertheless, above 1.25 eV, the order parameter again starts to decrease and disappear for v 2 = 5 eV (Fig. 10 (A) ). From the physical point of view, the above result means that the highest value of the critical temperature is observed for the relatively weak EEPh interaction. It turns out that the cause of the decrease of the critical temperature in the range of the high values of v 2 is connected with the significant increase of the electron effective mass and the strong renormalization of the electron band energy (Fig. 10 (B) and (C) ).
The dependence of the order parameter on the potential v 1 looks completely different. For any value of doping, for which the superconducting state is observed, the increase in v 1 always causes the increase in ∆ n=1 (and therefore also increase in T C ). Sample results are presented in the figure 11 (A) .
Additionally, the figures 11 (B) and (C) show the plots of the courses of the wave function renormalization factor and the shift function. It can be seen that increasing potential v 1 does not result in the significant increase in Z n=1 , the decrease in the absolute value of χ n=1 is also observed.
Referring to the results of the above discussion, it can be assumed that the superconducting state with the maximum critical temperature would rise in the case, in which the EPh interaction will be strong enough, and the EEPh interaction will be relatively weak -so that both the electron band mass and the electron band energy would be not renormalized in the significant manner.
Taking into consideration the significant dependence of the potentials v 1 and v 2 on the mutual distance between the atoms building the crystal lattice, it is necessary to consider the possibility of carrying out the series of high-pressure experiments -analogously as it was done for lithium, calcium, and hydrogenated compounds [74] , [75] , [76] , [77] , [78] . 
B. Properties of the superconducting state: the real axis formalism
The Eliashberg equations on the imaginary axis enable to determine the exact value of the critical temperature. They also allow, with the good approximation, the calculation of the value of the order parameter, the electron effective mass, and the energy shift function.
However, the imaginary axis formalism is useless in the analysis of the properties of the superconducting state in the non-static area (ω = 0).
In order to determine the significance of the dynamic effects, the functions ∆ n , Z n , χ n should be analytically continued on the real axis: ∆ n → ∆ (ω), Z n → Z (ω), and χ n → χ (ω). The easiest way to do it is using the formula [79] :
where: X ∈ {∆, Z, χ}. The parameters p j and q j are determined in the numerical manner. In addition, the paper adopted r = 6.
The figures 12 (A)-(C) present the exemplary results obtained for the case: v 1 = 150 meV, v 2 = 5 eV, and n = 0.8, whereas the selected values of the temperature were taken into account.
It can be seen that in the range of the low frequencies (ω ∈ 0, ∼ 100 meV for ∆ (ω) and ω ∈ 0, ∼ 75 meV for Z (ω) and χ (ω)), the solutions of the Eliashberg equations take the real values. From the physical point of view, this means the lack of damping effects [80] . In addition, it should be noted that in the considered frequency range, the real parts of the Eliashberg equations solutions are poorly dependent on ω, and in general, it can be assumed that The situation is radically changed for ω ∼ 110 meV (in the case of the function ∆ (ω)) and for ω ∼ 80 meV (in the case of Z (ω) and χ (ω)), where the appearance of the strong maximums and minimums can be observed. Let us note that above 150 meV, the solutions of the Eliashberg equations become extinguished.
The increasing value of the temperature influences very differently on the evolution of the functions: ∆ (ω), Z (ω), and χ (ω). On the basis of the plotted results, it can be seen that the absolute values of the order parameter monotonically decrease with increasing T . Interestingly, in the critical temperature even indicate the non-zero values ∆ (ω) for ω ∼ 110 meV -these are the remains of the strong low-temperature maxima and minima. In the case of Z (ω) and χ (ω), we practically do not observe the clear influence of the temperature on their low-frequency values, but their maxima and minima evolve differently: for the wave function renormalization factor they noticeably decrease and for the energy shift function they increase.
It should be emphasized that the observed values of the functions Z (ω) and χ (ω) are significantly higher than the values of the functions in question, if we take into account only the electron-phonon interaction.
The physical values of the order parameter, the wave function renormalization factor, and the energy shift function should be calculated in the framework of the real axis Eliashberg formalism with the help of the following formulas:
The results obtained for the cases analogous as in the figure 8 are collected in the figure 13 . As expected, the differences between the results obtained in the framework of the imaginary axis formalism and the results from the real axis are very slight, which proves that the analytical continuation procedure was properly conducted.
As already mentioned, the real axis formalism allows to study the properties of the superconducting state outside the static area. It is possible then to give the answer to the question: what causes anomalous energy gap in the electron density of states observed experimentally in cuprates [81] , [82] , [83] .
To this end, let us consider the isotropic spectral function (A (ω, ε)) that uniquely determines the electron density of states: N (ω) ≡ A (ω, 0). The quantity A (ω, ε) should be calculated on the basis of the formula:
while the diagonal part of the Green function on the real axis takes the following form:
The figure 14 presents the form of the function N (ω) determined for the case: v 1 = 150 meV, v 2 = 5 eV, and n = 0.8.
It was found that in the range of the temperature from T 0 to T = 290.1 K, the energy gap (or the pseudogap) induces in the electron density of states on the Fermi level.
In particular, for the temperatures from T 0 to T C the half-width of the energy gap decreases slightly, while the clear decrease in the maximum value of the function N (ω) may be noticed.
Interestingly, in contrast to the shape of the electron density of states associated with the classical electron-phonon interaction, the curve N (ω) is clearly anti-symmetrical with respect to the Fermi level. It appears that the observed asymmetry results from the strong electron band energy renormalization, which is caused by the high values of the function χ (ω). It should also be noted that the theoretically determined asymmetry of the electron density of states is very clearly visible in the shape of the experimental curves [81] .
The energy gap wears off slowly above the critical temperature. The first non-zero value of the function N (ω) on the Fermi level can be observed only at the temperature T equal to 243.7 K. For T ≥ T , in the course of the electron density of states still visible is the remnant of the energy gap (the so-called pseudogap), which gradually disappears with the increasing temperature. In the case considered in the present paper, the pseudogap finally disappears at T .
The presented model predicts that the gap (and the pseudogap) in the electron density of states, in the full range of the temperature (even below T C ), is induced by the functions Z (ω) and χ (ω) -the diagonal elements of the matrix self-energy. The overt contribution of the function N (ω) lodged by the superconducting state is negligibly small. This can be easily checked determining the shape of the electron density of states on the basis of the formula (92), in which, it was adopted: ϕ (ω) = 0.
The form of the isotropic spectral function, determined at the same assumptions as the function of the electron density of states, was presented in the figure 15. Let us note that for the dispersion relation ε k adopted in this paper and under the assumption that t = 250 meV, the values of the energy ε belong to the range from −1 eV to 1 eV. The dominant symmetry of the spectral function can be easily seen on the basis of the plotted results: A (ω, ε) = A (−ω, −ε). In addition, the maximum values of the function A (ω, ε) always occur at the edges of the energy gap and are subjected to reduction and blurring with the increasing temperature.
VII. SUMMARY
This paper has explained some anomalous properties of the high-temperature superconducting state inducing in cuprates. Considerations have been based on the Hamiltonian modeling the effective electron-phonon and electronelectron-phonon interaction. It is noteworthy that the Hamiltonian has been postulated in the publication [17] .
In the first step, the form of the operator in question has been mathematically justified using the dimer approximation. Then, the thermodynamic equations, which determine the order parameter function, the wave function renormalization factor, and the energy shift function have been derived within the framework of the Eliashberg formalism.
It has been shown that the simplified form of the Eliashberg equations, boiling down to the integral equation for the order parameter, generalizes the results, which can be obtained using the canonical transformation [17] . Hence comes the immediate conclusion that the resulting model correctly associates with each other the experimental values of the critical temperature, the Nernst temperature, and the order parameter at the temperature of zero Kelvin. The equation for the order parameter resulting from the simplified Eliashberg equations is significant, because it allows the derivation of analytical formulas for the basic thermodynamic parameters of the superconducting state.
In particular, on the basis of the formulas for the critical temperature, the Nernst temperature, and the order parameter at the temperature of zero Kelvin, the diagram binding T C and T was determined. It was shown that the existing experimental data confirm its form. Additionally, on the basis of the diagram, the limit on the maximum values of the Nernst temperature was set for the very low T C and the limitation from below for T -occurring for the critical temperature higher than 150 K.
The analysis carried out at the level of the Eliashberg equations helped to explain the more complex properties of the high-temperature superconducting state. In particular, it has been found that the experimental dependence of the order parameter on the doping can be reproduced the sufficiently large values of the EEPh potential. It was also proven that the Eliashberg equations correctly characterize the type of the normal-superconducting state phase transition.
In our opinion, the most interesting result was obtained during explaining the origin of the energy gap in the electron density of states. The obtained results prove that the energy gap is induced by the diagonal elements of the matrix self-energy (Z and χ), which are associated with the normal state. The explicit contribution to the course of the electron density of states derived from the superconducting state proves to be negligibly small.
Usually the properties of the strongly correlated electron system, additionally coupled with the crystal lattice vibrations, are determined with the help of the effective electron model (phonon degrees of freedom can be displaced, for example, using the Lang-Firsov transformation [84] ).
Let us notice that obtained electron model can be the starting point for the Hamiltonian, which then restores the electron-phonon coupling. This is obviously the effective coupling that results from the explicit dependence of the parameters of the electron model on the mutual distance between ions (R).
It should be emphasized that the effective electron-phonon coupling differs significantly from the initial interaction occurring between electrons and the crystal lattice vibrations, because it contains unconventional terms associated with all the relevant parameters of the electron model.
Due to the mathematical complexity of the issue in question, specific considerations will be restricted to the case of dimer. The obtained results will allow, however, to justify the terms of the interaction in the Hamiltonian (1).
Let us consider the operator in the form:
, which was analyzed in the paper [85] . The electron part takes into account all electronic one-and two-body terms for the single Gaussian orbital: where the parameters 0 , t , X , U , V , and P = J z = J xy were defined in the work [86] ; H Ph dim is the free-phonon term for the single Einstein frequency (ω 0 ), and H EPh dim represents the electron-phonon coupling of the Holstein-type. The paper [85] shows that, after eliminating the phonon degrees of freedom using the canonical transformation of Lang-Firsov and the squeezed-phonon wave function, the two most significant one-and two-body terms of the considered Hamiltonian (the hopping integral and the on-site Coulomb repulsion) take the following form:
t ≡ η 1 t , and
where: η 1 ≡ exp −2α . The symbols α 0 , γ 1 , and γ 2 denote respectively: the ratio of the electron-phonon coupling constant to the phonon Einstein energy, the variation parameter of the Lang-Firsov transformation and the variation parameter of the squeezed-phonon wave function.
In the considered case, the hopping integral t and the on-site Coulomb interaction U can be calculated using the formulas (atomic system of units):
and where γ 3 represents the variation parameter of the normalized Gaussian orbital (φ j (r) ≡ Basing on the presented results, it can be easily observed that, after the minimization of the total energy, the efficient parameters t and U (for given in advance α 0 and ω 0 ) are only the functions of R.
Assuming the values of α 0 = 470 meV and ω 0 = 100 meV (the order of the values characteristic for the hightemperature superconducting state), it can be shown that in the courses of the functions t (R) and U (R) there are jumps appearing [85] (see also Fig. 16 (A) ).
Taking into account the interesting physical values of the parameters (t 250 meV and U ∈ ∼ 2, ∼ 10 eV), we find that jumps of t and U , existing in the dimer approximation for R 3 A, are the cause of the existence of the high values of the effective electron-phonon and electron-electron-phonon coupling constants (g t ≡ δt (R) /δR and g U ≡ δU (R) /δR). Whereas g U is much larger than g t (Fig. 16 (B) ).
Hence, the most significant terms of the electron-phonon type interaction (in the momentum representation) have the form such as presented by the formulas (3) and (4). 
determine respectively the upper and lower branch of the order parameter in the framework of the toy model.
Thus, we get the immediate conclusion that for u > u C , the equation (D1) determines the physical value of the order parameter. Let us note that the discussed theorem was numerically checked with the precision up to n = 100.
